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Multi-Layer Systems Chap.3

Starting point:

e incompressible Euler equations

e hydrostatic pressure

Orp + Oz(pu) + 0z(pw) = 0
1

U
8 (pu) + 9x(pu?) + 0-(puw) = — 2 (p(n) Ozm + / Oz dC)

iIncompressibility



Chap.3

Modeling Assumption:

e (K + 1) interfaces n;, moving with the flow

no(x,t) = b(x)
ni(z,t) = n(x,t)
w = at??k —|— ua@nk for z = Nk

e horizontal layers €2;. with constant density p;

Q= {(2,2,8) | M1 (2, 8) < 2 < (e, )}, k=1...

p(x,2,1) = p, > ppg1 N 2



Depth Integration Chap.3

Definition: f(z,z,t) integrable, hy :=n, — ni._1

fr(z,t) = /nk f(x,z,t)dz depth — integral
Mk—1

Transport Theorem: Let f(z,2,t) be differentiable and satisfy

kinematic boundary conditions at z =n;_1 and z = 7. Then

[ 0ur + ou(up) + 0:(w) dz = ATy, + 0.Cuy
1

Mk—



Depth Integration Chap.3

Proof:

implies

g.e.d.

ofr=(fomIfy_, + [ &rfdz

Nk—1

avuf = ((uf)oum)|lt nz uuf) d-

Ocfr + Ox(uf)y
Y@ + 0nu) dz + (PO +udem) iy

Nk—1

O + Ouuf)) dz + (Fu)[

Nk—1

"B + Ou(uf) + 0:(wf)) dz

MNk—1



Depth Integration Chap.3

Corollary:

Ouf + 0x(uf) +0:(wf) =S

implies

Oufr, + Ox(uf)y, = Sp.



Integrated Continuity Equation Chap.3

Example: f =p, so S =0,

Otpr. + 0xqi, = 0 variable density continuity equation

where q := pu. Other forms, using p = pg:
8tTk + Orup, =0
Othy, + Oz (hpuy) = 0

where

IS the height of the layer.

10



Integrated Momentum Equation Chap.3

Example: f = ¢ (discharge), so

1
and
IR 1
orqy, + ax(“‘])k — _ﬁ(axp)k

variable density momentum equation

Assumption: piecewise-constant vertical velocity-profile,

u(z, z,t) = ug(x,t) for (xz,z,t) €
Note:

7N _2 /= 2
(@), = @i /Pr = prhruj.-

11



Chap.3

Preliminary summary:

Integrated mass and momentum:

for each layer €2, k=1... K

atﬁk + 8266]{ =0

a; 1
Oy + 0z [ £ = — (D
1qr + x(ﬁk> 72 (2P,

Kinematic boundary condition:

for each interface n., k=0... K

w — 8t77k —|— u@xnk

12



Chap.3

hydrostatic assumption

n(z,t)
p(iB,Z,t) :pa_l_ / 10(337C7t)d<

interface pressure: for k=0... K

K
pk(ﬂﬁ,t) L= p(xank(xat)vt) — pCL_'_ Z pl(xat)
I=k+1

pressure within layer: in Qp (n._1 < z < n1),

p(x,z,t) = p(x,t) + pp (n(, 1) — 2)

13



Chap.3

pressure gradient within layer:

layer-average of pressure gradient:

(0zp) 1, = hpOxpr. + Pr Oxnpe
= hyOzpr, + P, Ox(Nr—1 + hyi)

1
— MIE_I_\&U <§pkh£)/+ ?k({)a:l?k_lj

~

surface bottom

pressure fluid slope
pressure

Single layer:

- 1
(&cp) = hOxpa + Ox <§Ph2> + ﬁaxb

14



Chap.3

Summary: Integrated mass and momentum:

atﬁk + a:ch =0

1 1
Otqy, + Ox (ulﬁk + ﬁhkﬁk) — 2 (7 Qepi + P Oemi—1)
where
K
Pk = Pa -t Z PI
I=k+1
k—1

me—1= b+ > My
=1

15



Chap.3

Example: 2-layer equations:

n=mn2>mn1>1n0=0>o

Opy, + Oxqy, = O k=1,2

_ _ 1
Otqo + Oz (UQQQ T WhQPQ

1
0tq1 + Oz (U1Q1 + — Y h1p1

):_

)=

1
Frl) (hQaa:pa + p28a:(b + hl))

1
) (h10z(pa + po) + P102b)

Assume from now on that 9;p, = 0

16



Chap.3

Properties:
e hyperbolic-elliptic 4x4 system
— hyperbolic for small shears
— elliptic for large shears
— rest of Chapter 3

e nONn-conservative
— Chapter 4

e interfaces treated automatically

by conservative continuity equation

17



Loss of hyperbolicity Chap.3

Limit of
e almost constant water level
e almost equal densities
e vanishing velocity difference
J. B. Schijf and J. C. Schonfeld (1953)

External and internal eigenvalues in dimensional variables:

uihi1 + uoho 1
A & + (g(hq + ho))2 1
ext hi =+ ho (9( 1+ 2)) ( )
1
h h h1h —us)2\]2
A W 2+ up 1:|:[g/ 1ho <1_ (IU1 up) )] (@
h1 + ho hi + ho g’ (h1 4+ ho)
where
P1 — P2 .
g =0-r)g= g=:eg

Pl
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Chap.3

Remainder of this chapter

e derivation of approximate eigenvalues

e numerical examples

19



Chap.3

Exercise 1:

Rewrite the 2-layer equations as

oU + AoU = S

with
. ( u;z hq /(O FQ) 0 \
1 U 0
o | w P / 1 p2/(p1
ho 0 0 u ho
u

\1/F2 0  1/F2  u

20
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Chap.3

Exercise 2:

Compute the characteristic polynomial

p(\) = (1 — e)ajasK?
+ (A= u1)? = 1K) (A= u2)? — a2K)
where
AL . — hk/H
H = hy + ho

K = H/F?

22
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Chap.3

Notation:
u = (u1 + u2)/2
U= aiul + asuo
U = arul + aq1uo
V.= U — Uy

e = (p1 — p2)/p1

In the following exercises, always keep track of the orders
O™ 4 ")
which you neglected.

I did not do this on these slides, and the identies sometimes only hold approxi-

mately.
24



Chap.3

Exercise 3:

(i) Let x := X\ — u. Rewrite the characteristic polynomial als

q(k) ‘= p(A(k))

and expand it in orders of v and .

Verify that

25
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Chap.3

EXxercise 4:

Compute the approximate eigenvalues

AP =d+ K1/?

27
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Chap.3

Note:

2-layer system is hyperbolic <=  p()\g) >0

where Ag is the local maximum,

p'(M\g) =0
p"(No) <O

Draw a picture of p.

29
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Chap.3

EXxercise 5;

Verify that
p/()\) = XA —u)(\—2u)
— % [((A— ) (K — 2uius) + vuqun(an — aq)]

T herefore we are looking for the intersection of a cubic and a linear
function.

31
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Chap.3

Exercise 6:

Do one Newton step starting from A =« and ending at Xo,

~

Ao =1u—p'(u)/p"(u).
Verify that

~ _ o> — (X1 3
A0 = U V
0 + K

33
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EXxercise 7

Verify that

p(Ro) = (v

K
(Ve R Ne% )

)

K2
— T(l — deavyan)

35



Chap.3
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Chap.3

Exercise 8:

Verify that p(Xg) > O if
v2 < eK (3)

so the system is hyperbolic. Verify that this coincides with the
condition of Schijf and Schonfeld.
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Exercise 9:

Find the internal eigenvalues as roots of the quadratic Taylor ex-
pansion of p(\) near ).

Verify that

\NE L =7 + (041042 (5K—v2)>1/2

int

38
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Exercise 10:

Redo all this in your own, perhaps more straightforward way

40
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Numerical experiments for bi-layer equations

e Strait of Gibraltar
e Symmetric cross-section

e well-balanced scheme

Castro, Garcia-Rodriguez, Gonzalez-Vida, Macias, Parés,
Vazquez-Cendon, JCP 2004

e p.25, Fig. 11: Geometry

e .26, Fig. 13: Solution and eigenvalues
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Numerical experiments showing hyperbolic regions

e Monte-Carlo sampling
e hyperbolic regions

e 3-layer hyperbolic regions

Computation by Manuel Castro
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0.5 1 1.5

2

2.5

3

35

18

16

141

121

0.8

06

041

0D2r

0.5 1 1.5 2 25 3 3.5

Introducing a third layer for non-hyperbolic two-layer states

Left: hyperbolic region

Right: non-hyperbolic region
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