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Universidad de Córdoba
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∂th + ∂x(hu) = Gη + Gb,

∂t(hu) + ∂x

(
hu2 + g (R0 + Rφ) h2

2

)
=

g (R0 + Rφ) h∂x(H − z) + uGη + u
2 Gb + τ,

∂t(hφj) + ∂x(hu φj) = G j
b, for j = 1, . . . , ns

∂tz + ξ∂xqb = −ξGb.
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Modelos Matemáticos.
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Vertical distribution of sediments?
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A multilayer approach
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N sediment species with density ρi and size di

φi = volumetric concentration i = 1, . . . ,N

φ =
N∑

i=1

φi , φ0 = 1− φ, and Φ = (φ0, φ1, . . . , φN)

ρ(Φ) =
N∑

i=0

ρiφi
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vi = (ui ,wi ), i = 0, 1, . . . ,N,

Average velocity

q =
N∑

i=0

φivi

Relative/slip velocity

∆vi = vi − v0, i = 1, . . . ,N
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Local mass balance equations

∂tφi +∇ · (φivi ) = 0, i = 0, 1, . . . ,N,

Sum of all equations:
∇ · q = 0
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Momentum balance equations

ρi (∂t(φivi ) +∇ · (φivi ⊗ vi ))

= −ρiφig~k +∇ · Σj , i = 0, 1, . . . ,N,
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Momentum balance equations

ρi (∂t(φivi ) +∇ · (φivi ⊗ vi ))

= −ρiφig~k +∇ · Σj , i = 0, 1, . . . ,N,

Σi = −φipI + TE
i

p pressure
TE
i viscous stress tensors
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Denote by q = (u,w)t =
N∑

i=0

φjvj ,

Hypothesis

uj = u
wj = w + ∆wj ,

j = 1, . . . ,N.
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A multilayer approach

M + 1 interfaces Γα+ 1
2

=
{

z = zα+ 1
2

}
for α = 0, . . . ,M

Ωα =
{

(x , z)/zα− 1
2
< z < zα+ 1

2

}
for α = 1, . . . ,M

~nα+ 1
2

(space-time) outwards unit normal vector to the interface Γα+ 1
2
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Mass equation

∂t(φj ,αh) + ∂x(φj ,αhuα) =
1

lα

(
φα+1 + φα

2
Gα+ 1

2
− φα + φα−1

2
Gα− 1

2

− < φj∆wj >α+ 1
2

+ < φj∆wj >α− 1
2

)
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Momentum conservation

∂t(ρ(Φα)huα) + ∂x(ρ(Φα)hu2
α) + ∂x

(
gh

(
M∑

α+1

lβρ(Φβ)h +
g

2
hρ(Φα)

))

= g
M∑

β=α+1

lβρ(Φβ)h∂xh − gρ(Φα)h


∂xb +

α−1∑

β=1

lβ∂xh




+
1

lα

(
uα+1 + uα

2

ρ(Φα+1) + ρ(Φα)

2
Gα+ 1

2

− uα + uα−1

2

ρ(Φα) + ρ(Φα−1)

2
Gα− 1

2

−uα+1 + uα
2

N∑

j=0

ρj < φj∆wj >α+ 1
2

+
uα + uα−1

2

N∑

j=0

ρj < φj∆wj >α− 1
2

+Tj ,α

)
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∂tw + ∂xF(w) + B(w)∂xw = S(w)∂xb + G(w),

rj ,α := φj ,αh for j = 0, 1, . . . ,N

qα := ρ(Φα)huα,

w := (h,q, r)T ∈ R((N+1)M+1)
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mα = ρα(Φ)h.

∂tw̃ + ∂x F̃(w̃) + B̃(w̃)∂x w̃ = S̃(w̃)∂xb + G̃(w̃),

w̃ := (h,m,q)T ∈ R2M+1
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T. Morales de Luna (Univ. de Córdoba) Multilayer sediment transport 19 / 28



0.2 0.4 0.6 0.8
0

1

2

3

4
t = 0.000

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

0.0035

0.0040

0.0045
+1.014

T. Morales de Luna (Univ. de Córdoba) Multilayer sediment transport 20 / 28



0.2 0.4 0.6 0.8
0

1

2

3

4
t = 0.000

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

0.0035

0.0040

0.0045
+1.014
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